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Abstract 

We prove that for an abelian group G of order n the morphism ip: P(l/*) — > 
P((Sym"y*)'^) defined by ¥'([/]) = [ritreG'^ ' -^1 nondegenerate for ev- 
ery finite-dimensional representation 1/ of G if and only if either n is a 
prime number or n = 4. 
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Introduction 

Let V he a, finite-dimensional representation of a finite group G of order n over 
a field k. Then by a classical theorem of Hermann Weyl [5] on polarizations 
one obtains a nice generating set for the invariant ring (Symy*)*^ consisting of 
r = 1, 2, . . . , rt, / G V* where er{f) denotes the r-th elementary symmet- 
ric polynomial in a.J , a E G. 

Also, for any point x G P{V) there is a G-invariant section of the line bundle 
of the form s = e„(/) = Ua&G '^■f^ / G ^* such that s{x) ^ 0. So, the 
line bundle descends to the quotient G\P(y). (See [3], [J). 

This leads one to ask the natural question whether the set {Oo-gg ^-f ■ / ^ 
V*} generates the fc-algebra ®d.ez>o (Sym'^^y*)'^ of G-invariants. 

In particular in view of Theorem 3.1 of [T] the following question arises: Is 
the morphism 

F{V*) P((Sym"y*)^) 
given by [/] [Ilo-eG ^ ' -fl nondegenerate? 
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In an attempt to answer this question we prove the foUowing result: 
Theorem: Let G be a finite abelian group of order n. Then the map 

(^:P(y*) ^P((Syni"y*)°) 

defined by </?([/]) = [IlcreG''^ ' /] nondegenerate for every finite- dimensional 
complex representation V of G if and only if n is either a prime number or 
n = 4. 

The paper is organized as follows: 

In Section 1 some preliminaries are established. 

In Section 2 we give a criterion linking nondegeneracy to nonsingularity of 
an associated matrix. 

In Section 3 the main theorem is proved. 

1 Preliminaries 

Recall that a map into a vector space V or P{V) is said to be degenerate, if the 

image is contained in a hyperplane. 

Lemma 1 Let V be a finite- dimensional vector space over an infinite field 
k, and /i, /2, • • • , /iv be a finite number of linearly independent elements of 
Sym{V*) = ^'^^oSym'^V* . Then the morphism ip-V —>■ given by V'(w) = 
ihiv), /2(v), . . . , fN{v)) is nondegenerate. 

Proof: If ijj were degenerate, then there would exist a nonzero linear form 
F = T,t ctiYi such that F{^{V)) = 0. Then Y.^ arfi{v) = for aU v & V. This 
implies, as the base field is infinite, that aifi = contradicting the linear 
independence of fiS. 

Lemma 2 Let vi be a nonzero vector in a vector space V over Z/2Z of finite- 
dimension. Then the two sets, {A <Z V \ \A\ is even and "YliweA w = and 
{A<zV \ \A\ is odd and X]«,eA^ = v\} have same cardinality. 

Proof: The correspondence f{A) — A\{vi} or Auji'i} according as whether 
v\ is in A or not, sets up the bijection between these two collections of subsets 
of V. 

2 Nondegeneracy and Nonsingularity 

First we fix some notations. 

Let G be a finite abelian group of order n, and V a finite-dimensional per- 
mutation representation for G. If {Xi}^-^ is a basis of of V* permuted by the 
action of G then the monomials on Xj's of degree d provide a basis for Sym'^y* 
again permuted by G action. 

Let Oi, O2, • • • , Oat be all the distinct G-orbits for monomials of degree n 
( = |G|) in these Xj's. For an r e {1, 2, . . . , A''} we denote by Or{X) the element 
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in (Syni"y)'' that is the sum of the monomials in the orbit Or- Working with 
the G-module V* ®V* , we use the notation Yi for the basis of the other copy 
of V* and define Or(^) similarly. 

Now we express the G-invariant HcreG '''(S^r=i ''^i^) ^ linear combination 
of these orbit sums "^^8=1 o-rsOr{,^)Os{Y). 

Lemma 3 A necessary and sufficient condition for the morphism ip: V* — > 
(Sym"y*)G given by ip{f) — YiaeG nondegenerate is that the N x N- 

matrix ((flrs)) be nonsingular. 

Proof: Assume that the matrix {{ars)) is non-singular. By previous lemma 
the map V sending v to (Oi(y)(w), . . . , On{X){v)) is nondegenerate. 

Hence, there exists v\,V2, ■ ■ ■ ,Vn € V such that the matrix {{OriY){vs)) is 
nonsingular. Hence the product of the two matrices ((flrs)) • {{Or(y){vs)) is 
also nonsingular. Hence the image of the map V* — > (Sym"!^*)*^ defined by 
/ H-> Ho-eG '^■f contains a basis of (Sym"!/*)*^. 

Converse is proved similarly. 
Example For any finite group G of order < 5, and V its regular representation, 
the matrix {{ars)) has determinant ±1. 

For the case of group of order 5 the regular representation has 26 orbits on 
the set of monomials of degree 5 on 5 variables and the 26 x 26 matrix is as 



given 


below. 
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The determinant being a unit in Z the nondegeneracy of the map y holds 
in all characteristics. 
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Remark In the case of V having a basis of common eigenvectors for the action 
of G, a variation of this lemma can be proved easily. In such cases the matrix 
{{ars)) would be diagonal. In the next section this variation will be applied. 

3 Criterion for Nondegeneracy of Finite Abelian 
Group Quotients 

In this section we prove the following theorem. 

Theorem: Let G be a finite abelian group of order n. Then the map 

(^:P(y*) ^P((Sym"y*)°) 

defined by <p([/]) = [naeG''' ' /] nondegenerate for every finite- dimensional 
complex representation V of G if and only if n is either a prime number or 
n = 4. 

We first prove the sufficiency of the condition. Let n = p, a prime number 
and C be a primitive pth root of unity. Let {Xij \ i = 1, . . . , mj,j — 0, . . . ,p— 1} 
be a basis of V* such that aXij = C^Xij for all i,j. We prove that for any p- 
tuple a = (ao, . . . ,Op-i) of nonnegative integers such that J2^=o = P ^"^^ 
YfiZo '^i^ = (mod p), and for any subset Aj of {1, . . . , m^} of cardinality a^, 
the monomial 0^=0 OigA ^ij 11^=0 T\ieA occurs with nonzero coefficient 
in 

p-l /p-l m, \ 
t=0 \j=0 i=l / 

The argument depends only on weight computation. So, we may assume 
that Xij = Xf;j for all i,j, k. 

Let TT : Z ^ Z/pZ be the natural map. Let x £ Z/pZ. Define br = X^^^o ^i- 
Define 3^^^ = {a G Spin (j2r=o (Ei=i+6^_i = Then, we have 

Lemma 4 For any x,y G Z/pZ such that y = u ■ x for some nonzero u in 
Z/pZ, (1) I I, and (2) |S'^(o),a| 7^ |'S'7r(l),a|- 

Proof of (1) The map u : 3^,^ 3y^a given by u{a){i) = U'iT{a{i)),i = 
0, . . .p — 1 gives a bijection. 
Proof of (2). We first observe that 

p divides l-S^^^al for all x € Z/pZ and Va (*) 

For a proof, let z € Z/pZ and let a G 3x,a.- Then the permutation given by 
(5 o a){n{i)) = a{7r{i)) + z belongs to 3x,Ei as J2r=o = (mod p). Thus 
p divides IS'x.al Va; and a. On the other hand, 

U 5x,a = 5p (**) 

xez/pz 
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From (*) and (**), wc sec that if |S'jr(o).a| = |'S'7r(i),a| j thcnp- |S'o,a| =p!. Hence 
p divides (p — 1)! by (*) which is a contradiction for a prime p. 

Corollary 1 Let p be prime. For any p-t,uple of nonnegative integers a = 
(ao, . . . , Op-i) such that X]r=o o,r = P and X)r=o '^^^ = ^ (mod p); the polyno- 
mial 

J2aes ° ' i+''r-i J j^g divisible by the pth cyclotomic polyno- 

mial. 

Thus, we have shown that the coefficient of X^Y^ in fl^_o f ' (y^Z—n X^Yr^ 
is non-zero for all a. 

The nondegeneracy for both groups of order 4 can be checked explicitly. 

The necessity of the condition in the Theorem is a consequence of the fol- 
lowing: 

Proposition 1 Let G be a finite abelian group whose order n is a composite 
number different from 4. Let V be the regular representation ofG over C. Then 
the morphism 

(p:P(y*) ^P((Sym"y*)^) 
defined by (fidf]) = [YiaeG ' f] degenerate. 

Proof: This proposition will be proved by considering three cases: cyclic 
groups, groups which are direct products of at least 3 copies of the group of 
order 2, and the other finite abelian groups. In all the cases we exhibit a mono- 
mial M which is not in the span of image of ip, proving degeneracy of the map. 
Case I: G is a cyclic group of order n. There are two subcases to be considered 
here. Let p denote the least prime divisor of n, and let q = n/p. 

For construction of M , wc use a basis {Xx \ X £ G} of common eigen vectors 
of G. Note that we abuse notation, by using elements of G, instead of the dual 
G for indexing this basis. 

Subcase la. p\q. Take M = XoXf'^ Xn-q+2X^^~'^^'^ 

Subcase lb. gcd(p, q) = 1. Take M = X^'^Xg^pX^-g+pX^^'^'''' 

For the other cases we decompose the group using structure theorem of finite 
abelain groups. G = 0[^;^ Z/g^Z, with gilgj+i, z = 1, 2, . . . r - 1. 

Case II. r > 2 and <7r > 3 

Let H = 0[^2 2 have index q in G. That is n = qqi. Take M = 

"^0,0,...,0^0,l,l,...,l-^0,92-l,.--,9r-l^l,l,...,l • 

Case III G is a product of 3 or more copies of Z/2Z. Now we express G as 
Z/2Z(BU, with U a subgroup of order q = n/2. Take M = (H^e!/ ^o,v)^i,i,...,i- 
Now we give the arguments for each case. 

Ccise la. Then the monomial is G-invariant of degree n, and it can be 
expressed in only the following two ways as product of p monomials each of 
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which is a iJ-invariant monomial of degree g, where H is the unique subgroup 

of order q in G. 

(i) M = riLi Mi where Mi = X^Xr^ Xn-q+2; = X^, i = 2, . . . ,p. 

(ii) M = nr=i Mi where M( = XgXr'X„_g+2; = XoX|-i 
M/ = X|, i = 3,4,...,p. 

It is clear that and Xn-q+2 must be a factor of a common iJ-invariant 

monomial of degree q. So either such a monomial must be XqXI~ Xn-q+2 or 

-^q^l -^n-q+2- 

Now wc prove that the coefficient of A'h {X)M^ {Y) in H^Iq (^"=0 ^'■^'■) 
is the same as the coefficient of M[{X)M[{Y) in Hflo (Er=o ^'-^'■) ■ 

We prove that the monomial XqXI'^ Xn-q+2Xlf^^^''YoY^~^Yn-q+2Y^^~'^^'' 
does not appear in the product 11^=0^ (nj=o (X]r=o ^rYr^^- 

Let C be a primitive nth root of 1. Then, the coefficient of Mi(X)M\{Y) in 

q-l /n-1 \ 

n ^ X,.Yr is 

j=0 \r=0 / 



^ ^ ^p(a(0).0+(^^'^^'a(t))-l+a(9-l)(n-9+2)) 
^ ^ ^p(<,(0).g+(^^:^^a(t)).l+a(9-l)(n-9+2)) 

(because C^f« = IVj e {0, 1, 2, . . . , g - 1}) 

9-1 /n-1 \ 

= Coefficient of M[{X)M[{Y) in J| a^^ ^ X^F^ 

j=0 \r=0 / 

Similarly, the coefficient of M2{X)M2{Y) = the coefficient of M^(X)M^(r). 
Since M., = M[ for i = 3,4, the coefficients of Mi{X)Mi{Y) and 

M/(X)M;(y) in n|Io (Er^o ^r-^;) arc equal. 

Let Ci be the coefficient of M.,{X)M,{Y) in Hjlo ^"^^ (Er=o ^r^;) • Let 
be the coefficient of M[{X)Ml{Y). Then, Cj = by 1. Then, the coefficient of 

X,Xr'Xn-q+2Xl^-'^' in nU '^^ (nllo (Er=0 XrYr)) is 

(Er=oC +Ei,i^=oC Jcwherec= ni=iCi. 

But 

v^^-+9'E.. , /(»+</)+^«(«-i)+«=' e:^o 



i,J=0 
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(since C" = =1) 



= 0. 



Ccise lb. 

By a similar argument, one can show that if gcd(p, q) = 1, the coefficient of 

-^q—p-^n—q+p-^p -'0 ^q—p^n—q+p^p 1 li=0 \Z^r=0 -^r^r j ^° 

zero. 
Case II. 

Let (Ml, . . . , MqJ be a gi-tuple of monomials each of which is G-invariant 
such that their product Hili There is a unique io and a unique jo 

such that the variables Xo.q2-i....,q,,-i and Xo.i.i i occur respectively in the 

monomials Mj^ and and Mj^. As we are in the case q'r > 3, these two variables 
are distinct. So for each t the monomial Mj would be G-invariant if and only if 
«o = .70 • 

For a fixed i consider the set of gi-tuples of monomials defined by 
Si = {(Ml, . . . MgJ I Xo,g2-i,...,g,_i occurs in MJ 
and fixing a j define the subset 

Sij = {(Ml, . . . MqJ e I Xo,i,i,...,i occurs in Mj} 
Let (Ml, . . . MgJ G Si^i. Let j i. Define 

Ml = Mt foTsllty^iJ 
Ml = ^X., 

-^0,1,1...,! 

„; = ^x,, 



Then the map Si^i — > Sij sending (Mi, . . . , M^J to (M{, . . . , M^J is bijective. 



If ai is the sum of coefficients of M{X)M{Y) in Iljio^ TlreH '^IEasG ^a^a) 



contributed by the elements (A^i, iV2, . . . , TV^J £ S'^^i such that TV^ = Mj, then 
the sum of coefficients of M{X)M(Y) contributed by the larger set 

{{N^,N2,...,Nq,)&Si\Ni = Mi} 

is ai(X]jLo^ C*~'^)) with C, being a primitive gi-th root of unity. But this sum is 
zero as it is the sum of all the gi-th roots of unity. 
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This proves that in the product YllLo^ '^^Y\TeH'''(^xeG-^>^^>') coeffi- 
cient of M{X)M{Y) is zero. 

Case III 

The proof proceeds along the same hnes as in Case II, making use of the 
Lemma 2. 
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